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Based on the generating functional of Green function for a dynamical system, the
general equations of transformation properties at the quantum level are derived. In
some cases they can be reduced to the quantum Noether theorem. In some other cases
they can be reduced to momentum theorem or angular momentum theorem etc. at the
quantum level. An example is presented and it shows that the classical conservation
laws don’t always preserve in quantum theories.
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1. INTRODUCTION

D Symmetry is a fundamental concept in modern physics. The connection
between the symmetry of the action integral under finite continuous group and
conservation law is given by the first (classical) Noether theorem. The second
Noether theorem refers to the invariance of the action under an infinite continuous
group. In this case there exist differential identities, which involve variational
derivatives of the action and are called Noether identities (Noether, 1918). These
theorems have an important role in theoretical physics. A generalization of the
Noether theorem was given by Rosen and others (1974). A generalization of
the Noether theorem for nonholonomic systems and a generalization of Noether
identities for variant systems were studied by one of the authors and others (Li,
1981, 1987, 1992; Li and Li, 1990). The general achievements have been made
in the study of symmetries, however, there are also some questions open. First,
whether the connection between symmetries and conservation laws is hold true in
quantum theory? Although it has been discussed in literatures (Li, 1996; Li and
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Gao, 1997), we shall further study the problem here; Second, what results can
be derived when a system is not invariant under infinitesimal transformations at
the quantum level? We shall discuss the transformation properties of a dynamical
system at the quantum level.

In order to study the quantum properties of a system, the first step is to
formulate its quantization. One method to quantize a system is the canonical
quantization, another one known as the Feymann path integral. The advantage of
the path integral scheme to discuss the transformation properties of the system
at the quantum level is that we dealt with c-number, not q-number. In this paper,
based on the path integral formalism we consider the change of the action inte-
gral under the infinitesimal transformation and the corresponding change of the
integral measure of the path integral, and we can find the general equations of
transformation properties at the quantum level. In some cases they can be reduced
to the quantum Noether theorem. In some other cases they can be reduced to
momentum theorem or angular momentum theorem etc. in quantum mechanics. It
shows that the connection between symmetries and conservation laws in classical
theories may be not hold true at the quantum level when the integral measure is
not invariance under the transformation.

2. A SYSTEM WITH A REGULAR LAGRANGIAN

For the sake of simplicity we deal with a system with a finite number of
degrees of freedom exhibiting the essential properties of theories, and the ex-
tension to field theories is formally straightforward. We first consider a sys-
tem described by a regular Lagrangian L(q, q̇)(q = [q1, q2, . . . , qn]), and the
generalized momenta conjugate to generalized coordinates q are denoted by
p = ∂L/.∂q̇(p = [p1 , p2 , . . . , pn ]). According to Feymann path integral quan-
tization, the transformation function which describes transition matrix element of
the particle from initial state to final state can be written as

Z[0] =
∫

DqDp exp

{
i

∫
dt[pq̇ − Hc]

}
(1a)

where Hc is a canonical Hamiltonian. Introducing the exterior sources J =
(J1 , J2 , . . . , Jn ) with respect to the generalized coordinates q = [q1, q2, . . . , qn],
respectively, we can write the generating functional of Green function in phase
space for this system as (Gtman and Tyutin, 1990)

Z[J ] =
∫

DqDp exp

{
i

∫
dt[pq̇ − Hc + Jq]

}
(1b)

From (1b) we can derive all the quantities of interest at the quantum level. Let us
consider the case in which the canonical Hamiltonian is quadratic in momenta,
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for example, Hc = 1
2p2 + V (q). The integration over momenta in (1b) can be

performed, and we get (Gtman and Tyutin, 1990)

Z[J ] =
∫

Dq exp

{
i

∫
dt[Leff + Jq]

}
(2)

where Leff is an effective Lagrangian in configuration space, and Leff = L in this
case. The action of the system is given by I = Ieff = ∫

Leff dt .
Consider the following global transformation{

t ′ = t + �t = t + εσ τ σ (t ; q)
q ′(t ′) = q(t) + �q(t) = q(t) + εσ ξσ (t ; q)

(3a)

where εσ (σ = 1, 2, . . . , r) are infinitesimal arbitrary parameters, and it be sup-
posed that the action of the system is not invariant under the transformation (3a),
and the corresponding variation of the action is given by

δI =
∫

uσ (q, q̇)εσ dt (4)

We localize the transformation (3a), and we get the corresponding local transfor-
mation {

t̄ = t + �t = t + εσ (t)τσ (t ; q)
q̄(t̄) = q(t) + �q(t) = q(t) + εσ (t)ξσ (t ; q)

(3b)

where εσ (t)(σ = 1, 2, . . . , r) are infinitesimal arbitrary functions, and their values
and derivatives will vanish at the end-points t = t1 and t = t2. The change of the
action under the local transformation (3b) is given by Li and Jiang (2002)

�I =
∫

dt

{
δI

δq
(�q − q̇�t) + D

[
∂L

∂q̇
(�q − q̇�t) + L�t

]}

=
∫

dtεσ (t)

{
δI

δq
(ξσ − q̇τ σ ) + D

[
∂L

∂q̇
(ξσ − q̇τ σ ) + Lτσ

]}

+
∫

dt

{[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]
Dεσ (t)

}
(5)

where D = d/dt , and

δI

δq
= ∂L

∂q
− D

(
∂L

∂q̇

)
(6)

Since the variation of the action under the global transformation (3a) is given
by (4), hence the first integral in (5) is equal to (4). According to the boundary
conditions of εσ (t), from (5) we get

�I = −
∫

dt

{
εσ (t)D

[
∂L

∂q̇
(ξσ − q̇τ σ ) + Lτσ

]
− uσ εσ (t)

}
(7)
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Let it be supposed that the Jacobian of the transformation (3b) is J̄ = 1 + J1(ε).
The generating functional (2) is invariant under the transformation (3b), and we
obtain

Z[J ] =
∫

DqJ̄

{
1 − i

∫
dtεσ (t)

{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]
− uσ

−J (ξσ − q̇τ σ )

}}
• exp

{
i

∫
dt(L + Jq)

}

=
∫

Dq

{
1 + J1 − i

∫
dtεσ (t)

{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]
− uσ

−J (ξσ − q̇τ σ )

}}
• exp

{
i

∫
dt(L + Jq)

}
(8)

Differentiating functionally (8) with respect to εσ (t), we have
∫

Dq

{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]
− uσ − J (ξσ − q̇τ σ ) − J σ

}

exp

{
i

∫
dt(L + Jq)

}
= 0 (9)

where J σ = −iδJ̄/δεσ (t)|ε=0. Let J = 0 in (9), and we obtain
〈
0

∣∣∣∣T ∗
{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]
− uσ − J σ

}∣∣∣∣0
〉

= 0 (10)

where |0〉 is the ground state of the quantum system, and T ∗ stands for
the covariantized T product (Young, 1987) in which derivatives of oper-
ators inside a T-product are defined in terms of the dipole formula, i.e.,
〈0| T ∗[Dtq(t)Dt ′q(t ′) . . .] |0〉 = DtDt ′ 〈0| T [q(t)q(t ′) . . .] |0〉. For a system with
a non-invariance action and integral measure under the transformation (3b), we
can obtain the general equations of transformation properties at the quantum level

〈
0

∣∣∣∣T ∗
{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]}∣∣∣∣0
〉

= 〈0| T ∗[uσ + J σ ] |0〉 (11)

When the action of the system is invariant under the transformation (3b) and the
corresponding Jacobian of this transformation is equal to unity, i.e., uσ = 0, J σ =
0, from (11), we get

〈
0

∣∣∣∣T ∗
{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]}∣∣∣∣0
〉

= 0 (12a)
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i.e., 〈
0

∣∣∣∣T
[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]∣∣∣∣0
〉

= const (12b)

Thus, we have the following Noether theorem at the quantum level: If the action
of a system and the integral measure of the generating functional are invariant
under the transformation (3b), then, there are some conserved quantities (12b) at
the quantum level.

When the action of the system is invariant under the transformation (3b) and
the corresponding Jacobian is not equal to unity, i.e., uσ = 0, J σ �= 0, from (11),
we get 〈

0

∣∣∣∣T ∗
{
D

[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]}∣∣∣∣0
〉

= 〈0|T ∗[J σ ]|0〉 �= 0 (13)

Thus, in this case the result of the classical Noether theorem is not hold true at the
quantum level when the integral measure of the path integral is not invariant under
the transformation. The anomalies could be viewed as a result of the non-invariance
of the functional measure under some symmetry transformation (Fujikaw, 1980).

When the action of the system is not invariant under the transformation (3b)
and the corresponding Jacobian is not equal to unity, i.e., uσ �= 0, J σ �= 0, but
uσ + J σ = 0, from (11) we also get〈

0

∣∣∣∣T
[
Lτσ + ∂L

∂q̇
(ξσ − q̇τ σ )

]∣∣∣∣0
〉

= const (14)

There may also have conserved quantities in quantum theories when the action
of a system is not invariant under some transformations. In general, there are no
corresponding conserved quantities in classical theories.

3. A SYSTEM WITH A SINGULAR LAGRANGIAN

A dynamical system described by a singular Lagrangian is subject to some
inherent phase space constraints and is called a constrained Hamilton system. The
motion of the system is restricted to a hypersurface of the phase space determined
by the phase space constraints. The quantization of the systems with constraints
based on Dirac’s theory and using the method of path (functional) integral was
performed by Faddeev (1970). Faddeev restricted his discussion to the case when
only first-class constraints are present. A generalization of Faddeev’s method to a
system which contains second-class constraints was done by Senjanovic (1976).
In general, the gauge conditions are not relativistic covariant in the above methods.
Based on BRST (Becchi-Rouet-Stora-Tyutin) symmetries, the relativistic covari-
ant quantization method was developed by Batalin, Fradkin and Vilkovsky, and is
called BFV quantization (Henneaux, 1985).
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Let �k(q, p) ≈ 0(k = 1, 2, . . . , K) be first-class constraints, and θi(q, p) ≈
0(i = 1, 2, . . . , I ) be second-class constraints. The gauge conditions connecting
with the first-class constraints are 
k(q, p) ≈ 0(k = 1, 2, . . . , K). According to
Faddeev-Senjanovic path integral formalism (Faddeev, 1970; Senjanovic, 1976),
the generating functional of Green function in phase space for this system is given
by

Z[J ] =
∫

DqDp
∏
j,k,l

δ(θj )δ(�k)δ(
l) det |{�k,
l}| · [det
∣∣{θi, θj }

∣∣]1/2

exp

{
i

∫
dt[pq̇ − Hc + Jq]

}
(15a)

where Hc is the canonical Hamiltonian, and J = (J1 , J2 , . . . , Jn ) are the exterior
sources with respect to q = [q1, q2, . . . , qn], and {., .} stands for Poisson bracket.
Using the integral properties of the Grassmann variables and δ-functions, the
expression (15a) can be written as (Li and Jiang, 2002)

Z[J ] =
∫

DqDp exp

{
i

∫
dt

[
L

p

eff + Jq
]}

(15b)

where L
p

eff is the effective Lagrangian in phase space (Li and Jiang, 2002). When
the momentum is quadratic in (15b), then the integration overp can be performed,
and we obtain

Z[J ] =
∫

Dq exp

{
i

∫
dt[Leff + Jq]

}
(16)

where Leff is the effective Lagrangian in configuration space. For a gauge-invariant
system, we can use also the Faddeev-Popov method to quantize the system in
configuration space (Young, 1987). In certain case (for example, Yang-Mills the-
ory), according to the path-integral quantization of constrained Hamiltonian sys-
tems, we can carry out explicit integration over the momenta in the phase-space
path integral and get the same results obtained by using Faddeev-Popov method
(Gtman and Tyutin, 1990). For a system with a singular Lagrangian, in this case
we can still proceed in the same way as with a regular Lagrangian to study the
transformation properties at the quantum level.

In general, the momenta in (1b) or (15b) is not quadratic, thus we can not get
the generating functional of Green function in configuration space. In these cases,
we can discuss the transformation properties of dynamical systems in phase space
at the quantum level.
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4. AN EXAMPLE

Consider a system with a regular Lagrangian

L = 1

2
q̇2 − V (q) (17)

After the integration over the momenta in the path integral (1b), the generating
functional of Green function in configuration space for a system with Lagrangian
(17) is given by

Z[J ] =
∫

Dq exp

{
i

∫
dt[Leff + Jq]

}
(18)

here Leff = L. Let us assume that q are Cartesian coordinates x in three di-
mensional space. First, consider the following infinitesimal space translation
transformation {

q ′(t ′) = q(t) + ε

t ′ = t
(19)

where ε is an infinitesimal arbitrary parameter. The variation of the action of the
system under the transformation (19) is given by δI = ∫ t2

t1
(− ∂V

∂q
)ε dt = ∫ t2

t1
Fε dt

and the Jacobian of the transformation (19) is equal to unity. It is easy to see that
τσ = 0, ξ = 1in (19) according to (3b), thus, from (11) we have

D 〈0| p |0〉 = 〈0| F |0〉 (20)

i.e.,

〈0| [p2 − p1] |0〉 =
∫ t2

t1

〈0| F |0〉 dt (21)

This is the momentum theorem in quantum mechanics.
Second, consider an infinitesimal space rotation transformation{

q ′
i(t) = qi + εij qj

t ′ = t
(|εij | � 1) (22)

where εij are infinitesimal arbitrary parameters. The variation of the action under
the transformation (22) is given by

δI =
∫ t2

t1

(
− ∂V

∂qi

εij qj

)
dt =

∫ t2

t1

εij qjFidt (23)

and the Jacobian of the transformation (22) is equal to unity. It is easy to see that
τσ = 0, ξi = qj in (22), thus, from (11) we have

〈0| T [piqj − pjqi]
t=t2
t=t1

|0〉 =
∫ t2

t1

〈0| T [qjFi − qiFj ] |0〉dt (24)
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This is the angular momentum theorem in quantum mechanics.
Third, consider an infinitesimal time translation transformation{

q ′(t ′) = q(t)
t ′ = t + ε

(25)

where ε is an infinitesimal arbitrary parameter. The action of the system is invariant
under the transformation (25), and the Jacobian of the transformation (25) is equal
to unity. It is easy to see that τ = 1, ξ = 0 in this case, thus, from (12b) we have
the conserved energy at the quantum level〈

0

∣∣∣∣T
[
L − ∂L

∂q̇
q̇

]∣∣∣∣0
〉

= −
〈
0

∣∣∣∣T
[

1

2
q̇2 + V (q)

]∣∣∣∣0
〉

= const (26)

Finally, suppose the following condition (Bobillo-Ares, 1988)

V (aq) = a−2V (q) (27)

is satisfied in (17), where a is an arbitrary parameter. Consider the following
transformation (Bobillo-Ares, 1988){

q ′ = q + εq

t ′ = t + 2εt
(28)

where ε is an infinitesimal arbitrary parameter. The action of the system is invariant
under the transformation (28), but the Jacobian of the transformation (28) is not
equal to unity. From (13), it is easy to see that there is no conserved quantity
corresponding to the transformation (28) at the quantum level. But based on
the classical Noether theorem there exists the corresponding conserved quantity
(Bobillo-Ares, 1988).

5. CONCLUSIONS

In conclusion, we consider the changes of the action integral and the integral
measure of the generating functional under the infinitesimal transformation in the
path integral formalism, and we obtain the general equations of transformation
properties at the quantum level. In some cases they can be reduced to the quantum
Noether theorem. In some other cases they can be reduced to momentum theorem
or angular momentum theorem etc. at the quantum level. It shows that the classical
conserved laws are not always hold true at the quantum level when the integral
measure in path integral is not equal to unity under the transformation (3b). When
we take the change of integral measure into account, for a system which is not
invariant under the transformation (3a), there may also have some conserved
quantities at the quantum level if the condition J σ + uσ = 0 is satisfied. But, in
general, there are no corresponding classical conserved charges in this case.
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